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Abstract

Learning policies which are robust to changes in the environment are critical for real
world deployment of Reinforcement Learning agents. They are also necessary for
achieving good generalization across environment shifts. We focus on bisimulation
metrics, which provide a powerful means for abstracting task relevant components
of the observation and learning a succinct representation space for training the
agent using reinforcement learning. In this work, we extend the bisimulation
framework to also account for context dependent observation shifts. Specifically,
we focus on the simulator based learning setting and use alternate observations
to learn a representation space which is invariant to observation shifts using a
novel bisimulation based objective. This allows us to deploy the agent to varying
observation settings during test time and generalize to unseen scenarios. We further
provide novel theoretical bounds for simulator fidelity and performance transfer
guarantees for using a learnt policy to unseen shifts. Empirical analysis on the
high-dimensional image based control domains demonstrates the efficacy of our
method.

1 Introduction
Many practical scenarios in reinforcement learning (RL) applications require the agent to be robust to
changes in the observations space between training and deployment. Such changes can occur due to
lack of complete information about the deployment environment which often happens as the training
environment is usually highly controlled or simulators are used for training the agent, both of these
scenarios seldom capture the complexity and noisiness of the real world. Moreover, these changes
can also occur due to various practical errors and constraints under which autonomous agents need
to be deployed (e.g. variations in sensor position and fitting on automobiles, change in calibration
settings of visual input, change in sensor types due to upgrades, calibration changes due to wear and
tear etc.).
While existing methods aimed at obtaining better generalization in RL can be partially applied to
the above problem, they hardly utilise the rich underlying structure that can enable efficient learning
of policies which generalize well across the observation shifts. For instance, methods like domain
randomization (Zhao et al., 2020) which work well for supervised perception problems in robotics
are insufficient for obtaining good performance on control tasks. Similarly, methods for RL which
aim at using unsupervised data for learning control representations: data augmentation (Laskin et al.,
2020b; Kostrikov et al., 2020), contrastive learning (Oord et al., 2018), reconstruction (Lange et al.,
2012; Hafner et al., 2019) are not well aligned with the objective of maximizing rewards in complex
domains. Further, the presence of task irrelevant noise in the environment make it difficult for these
methods to generalise across the changes in the observation space. While, state abstraction based
methods like bisimulation (Zhang et al., 2021; Gelada et al., 2019) to which our method is closely
related, can help ignore irrelevant task features, they do not fully exploit the structure present in
observation shift setting towards ensuring better generalization.
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In this work, we propose a novel solution to the aforementioned problem using the concept of
conditional bisimulation and application of simulator/specialized setup during train time which help
explicitly teach the agent, the similarities across changes in the observation space. Our method
leverages the MDP level isomorphism (Ravindran, 2004) in the observation shift setting for obtaining
a richer representation loss. Our methods offers two-fold advantage:

• We can learn representations which are robust to shifts in observation space in a sample
efficient manner.

• We learn to ignore task irrelavant features as our metric is grounded in rewards.

2 Background
Reinforcement Learning: A Markov Decision Process (MDP) is formally defined as a tuple
⟨S,U, P, r, γ, ρ⟩. Here S is the state space of the environment and ρ is the initial state distribution.
At each time step t, an agent observes the state s ∈ S and chooses an action a ∈ U using its policy
π : S → P(U), where P(·) represents the space of distributions on the argument set. This leads
to a state transition governed by the distribution P (s′|s, a) : S × U × S → [0, 1], and the agent
receives reward r(s, a) : S × U → [0, Rmax] which can be potentially stochastic. We consider the
discounted infinite horizon setting, where the discount factor is given by γ ∈ [0, 1). The state-action
trajectory of the agent is represented by τ ∈ T ≡ (S × U)∗, we overload the notation to also include
rewards as necessary. The value of a policy is defined as: Jπ = Eπ,ρ [

∑∞
t=0 γ

trτ (st)] where the
expectation on the RHS is well defined given bounds on rewards and γ. We also define three other
useful functions: (1) Qπ(s, a) = Eπ[

∑∞
t=0 γ

tr(st)|s0 = s, a0 = a], (2) V π(s) = Ea∼πQ
π(s, a),

(3) Aπ(s, a) = Qπ(s, a) − V π(s), respectively called the action-value, value and advantage
functions. The goal of the MDP problem is to find the optimal policy π∗ corresponding to
the optimal policy value J∗. It is well known that a deterministic optimal policy always ex-
ists for finite MDPs. Further, the optimal value function V ∗ and optimal action value function
Q∗ also exhibit important properties like uniqueness and point-wise function dominance over
the entire domain (Sutton & Barto, 2011). A standard assumption in the reinforcement learn-
ing (RL) setting is that both the rewards and transition kernels are not known to the agent.

Figure 1: Parametrized observation
setting.

Rich observations and Contextual MDPs: An important
class of MDP arises when we consider the presence of an un-
derlying parametrized context θ, which governs the rewards
and transitions in the MDP framework. This extension is called
the Contextual MDP setting (CMDP, Hallak et al. (2015)). For-
mally, we haveM ≜ ⟨S,U, Pθ, rθ, γ, ρ,Θ, PΘ⟩, where Θ de-
fines a space of context parameters, PΘ is a fixed distribution
over the contexts. Thus the transitions Pθ : S ×U × S ×Θ→
[0, 1], and the agent reward rθ : S×U×Θ→ [0, Rmax] are now
also functions of the context parameter θ. We now discuss the
CMDP setting used in this work: we consider a parametrized
context which defines a functional transformation of the under-
lying MDP state giving rise to context dependent observations.
Formally, we haveM ≜ ⟨S,U, P, r, γ, ρ,Θ, PΘ, Z, f⟩, where
Θ defines a space of context parameters, PΘ is a fixed distribution over the contexts, Z is the set
of observations emitted as f : S × Θ → Z. Thus fixing a particular context θ gives us a richly
observed MDP (Krishnamurthy et al., 2016; Mahajan, 2023) indexed by θ: Mθ. We assume that
the agent observes θ in our setting. Fig. 1 illustrates the parametrized observation setting. Without
loss of generality, we assume S ⊂ [0, 1]n, Z ⊂ [0, 1]l, where typically n << l. We will use
f(s, θ), fθ(s) interchangeably to highlight the corresponding (un)-curried versions of the observation
function. We will be focusing on functional forms for observations, but the setting can be extended to
scenarios with added independent or correlated noise at each step with suitable assumptions about
identifiability (Zhang et al., 2020).
Bisimulation: MDP Bisimulation defines a notion of state abstraction which groups states that are
behaviorally equivalent (Li et al., 2006). Two states si and sjare bisimilar if they both share the same
immediate reward and equivalent distributions over the next bisimilar states for all possible actions
(Larsen & Skou, 1989; Givan et al., 2003). Formally:

Definition 1 (Bisimulation Relations (Givan et al., 2003)). Given an MDP M, an equivalence
relation B between states is a bisimulation relation if, for all states si, sj ∈ S that are equivalent
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under B (denoted si ≡B sj) the following conditions hold:

r(si, a) = r(sj , a) ∀a ∈ U,

P (G|si, a) = P (G|sj , a) ∀a ∈ U, ∀G ∈ SB ,

where SB is the partition of S under the relation B (the set of all groups G of states equivalent
under B), and P (G|s, a) =

∑
s′∈G P (s′|s, a). (See Appendix A.1 for a primer on concepts related

to equivalence relations)

Finding the coarsest bisimulation relation is known to be an NP-hard problem (Givan et al., 2003).
Further, the exact partitioning induced from a bisimulation relation is generally impractical as it a
very strict notion of equivalence and seldom leads to meaningful compression of the original MDP,
this is especially true in continuous domains, where infinitesimal changes in the reward function or
dynamics can break the bisimulation relation but still imply exploitable aggregation. Thus towards
addressing this, Bisimulation Metrics (Ferns et al., 2011; Ferns & Precup, 2014; Castro, 2020; van
Breugel & Worrell, 2001) relaxes the concept of exact bisimulation, and instead define a pseudometric
space (S, d), where a distance function d : S×S 7→ R≥0 measures the behavioral similarity between
two states. The bisimulation metric is formally defined as a convex combination of the reward
difference added to the Wasserstein distance between transition distributions:

Definition 2 (Bisimulation Metric). From Theorem 2.6 in (Ferns et al., 2011) with c ∈ [0, 1):

d(si, sj) = max
a∈U

(1− c) · |rasi − rasj |+ c ·W1(P
a
si , P

a
sj ; d).

W refers to the Wasserstein-p metric between two probability distributions Pi and Pj , defined
as Wp(Pi, Pj ; d) = infγ′∈Γ(Pi,Pj)[

∫
S×S d(si, sj)

p dγ′(si, sj)]1/p, where Γ(Pi, Pj) is the set of all
couplings of Pi and Pj . The metric has intuitive interpretations depending on the exact value of p
when viewed from the dual perspective, for example W1(Pi, Pj ; d) denotes the cost of transporting
mass from distribution Pi to another distribution Pj where the cost is given by the distance metric
d (Villani, 2003). This is known as the earth-mover distance. The above definition can also be
modified to include scenarios involving stochastic rewards, where a similar metric is chosen between
reward distributions. To account for state similarities arising from following a particular policy,
the π-bisimulation metric (Castro, 2020) is similarly defined by fixing a policy π and replacing the
rewards and transitions used by their policy based expectations:

dπ(si, sj) = (1− c) · |rπsi − rπsj |+ c ·W1(P
π
si , P

π
sj ; d

π). (1)

In this work we will consider the max entropy RL framework as it ensures a unique optimal policy
π∗merl

‡. Our goal is to leverage generalization and transfer obtained from informing the agent
representation with the bisimulation similarity metric (Eq. (1)) under π∗.

3 Methodology

Figure 2: Learning representation invariant to observation
shifts. Hollow circles represent states in the space, solid lines
depict distances in the corresponding space, dashed lines
depict equivalence across spaces tied by the colour.

As previously discussed, it is impor-
tant that agent policies in RL are ro-
bust to observation shifts for deploy-
ment in real world scenarios. In this
work we wish to learn policies which
can generalize well across the support
set of the context distribution PΘ. Our
goal specifically would be to learn an
effective representation function for
the RL task set, ϕ : Z×Θ 7→ Y which
enables robust learning and deploy-
ment of autonomous agents to poten-
tially unseen observation shifts (gov-
erned by a change in θ), see Fig. 2.
Under suitable notions of invertibil-
ity (Assumption 1), the problem of
generalizing across parameterized ob-
servation shifts (Section 2) lends itself

‡We will refer to it as π∗ in this work for brevity.
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naturally to the notion of MDP isomorphism (Ravindran (2004), Mahajan & Tulabandhula (2017),
see Definition 12 in Appendix A.2). This is because given two contexts θi, θj , there is always a one
to one mapping between the observations inMθi ⇐⇒ Mθj as directed by the underlying state,
this is illustrated in Fig. 2. This inter-context correspondence helps us inform the representation more
efficiently. Concretely, we specify the desiderata which the representation function ϕ must follow, as
shown in Fig. 3:

• Base Bisimulation (BB): Given a θ ∈ Θ, the representation should accurately preserve
bisimulation distances between states, thus providing robustness to unimportant noise in
observations. Concretely ∀si, sj ∈ S:

d(si, sj) = dY (ϕ(fθ(si), θ), ϕ(fθ(sj), θ)),

where dY is a metric on Y (we use Y = Rm and L1 distance for our experiments).

• Inter-context consistency (ICC): The representation should remain invariant under a fixed
state as the context changes. Concretely: ∀s ∈ S and θ1, θ2 ∈ Θ,

dY (ϕ(fθ1(s), θ1), ϕ(fθ2(s), θ2)) = 0.

• Cross consistency (CC): This requires that the representation distance between two states
are consistent across observation shifts:

d(si, sj) = dY (ϕ(fθ1(si), θ1), ϕ(fθ2(sj), θ2)),

d(si, sj) = dY (ϕ(fθ2(si), θ2), ϕ(fθ1(sj), θ1)).

Figure 3: Various bisimulation losses corresponding to above desiderata. s represents underlying state, fθ the
observation function and y the corresponding observation, dashed lines represent bisimulation terms.

Algorithm 1 Robust Conditional Bisimulation (RCB)
1: for Time t = 0 to∞ do
2: Observe zt, θ
3: Encode observation yt = ϕ(zt, θ)
4: Execute action at ∼ π(yt)
5: Record data: D ← D ∪ {zt, at, zt+1, rt+1}
6: Sample batch B ∼ D
7: Train policy: EB[Jπ]
8: Train encoder using pairwise loss: Lrep(ϕ)

{Eq. (2)}
9: Train dynamics: J(P̂ ,ϕ)=(P̂ (ϕ(zt, θ), at)−yt+1)

2

10: end for

Fig. 3 depicts the above representation
criteria for 2 different contexts(θ1, θ2) on
the Mujoco control domain with 3D back-
ground objects acting as noise. Towards
ensuring the above desiderata, we propose
Robust Conditional Bisimulation (RCB)
Algorithm 1, a data-efficient approach to
learn control policies from unstructured,
high-dimensional observations. As evident
from Fig. 3, for n parallel simulation calls,
our method captures

(
2n
2

)
∼ O(n2) inter-

actions for representation learning using
the above conditional bisimulation terms
as opposed to O(n) interactions in existing representation learning methods. For instance data
augmentation methods based on contrastive learning (like Oord et al. (2018); Laskin et al. (2020a))
focus only on (fθ1(s), fθ2(s)) pairs whereas as plain bisimulation methods (like Zhang et al. (2021))
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focus only on (fθ(s1), fθ(s2)) pairs. This order of magnitude increase in utilization of metric infor-
mation in RCB allows for fast and efficient convergence to an observation invariant representation
space.

We combine the above three representation conditions into a sum of squared loss components. For
this we sample pairs of experiences i, j from the buffer along with base context θ1 and an alternate
context θ2 both sampled from PΘ at episode start. We next compute the embedding of the underlying
states under the contexts and finally compute the representation loss term as follows:

Lrep(ϕ) =λbase

[(
|yi,θ1 − yj,θ1 |1 − Ti,j

)2
+

(
|yi,θ2 − yj,θ2 |1 − Ti,j

)2]
+

λicc

[
|yi,θ1 − yi,θ2 |

2
1 + |yj,θ1 − yj,θ2 |

2
1

]
+

λcc

[(
|yi,θ1 − yj,θ2 |1 − Ti,j

)2
+
(
|yi,θ2 − yj,θ1 |1 − Ti,j

)2]
, (2)

where we use the following notation: yi,θ = ϕ(f(si, θ), θ) with yi,θ representing em-
beddings with stopped gradient and the target bisimulation distance Ti,j = |ri − rj | +
γW2(P̂ (·|yi,θ1 , ai), P̂ (·|yj,θ1 , aj)). The relative weights for the three loss terms are given by hyper-
parameters λbase, λicc, λcc respectively. We use a setup similar to Zhang et al. (2021) where
we use a permuted batch of B for pairwise representation loss computation in step-8 of Algo-
rithm 1. Similarly we a probabilistic dynamics model P̂ which outputs a Gaussian distribution.
This allows for a simple to compute closed form W2 metric which is used to replace the W1 met-
ric in the original formulation: W2(N (µi,Σi), N (µj ,Σj))

2 = ||µi − µj ||22 + ||Σ1/2
i −Σ

1/2
j ||2F ,

where || · ||F is the Frobenius norm. Fig. 4 depicts the overall representation learning process.

Figure 4: RCB Network architecture.

Finally, for the policy optimization
part in step-7, we can use any max
entropy policy gradient method. Ac-
cess to simulator helps us translate
a sampled batch from buffer into
any randomly sampled contexts from
which we can compute the various
losses. However, in general this tech-
nique can also be extended to non-
simulator settings like data augmenta-
tion (Laskin et al., 2020b), this could
be specially promising as the latter
approaches currently only minimize
representation distance between two
views of same input and not the bisim-
ulation distance which is more aligned
with solving the RL task.

4 Analysis
We now discuss the important theoretical properties of our approach and study the generalization
we can expect from learning representations under the conditional bisimuation framework. Proofs
for the results can be found in Appendix A. The first result demonstrates the convergence of the
π∗-bisimulation metric Eq. (1) on the joint input space H ≜ Z ×Θ (We use the notation h ≜ (z, θ)
for a tuple in this space). We also overload the notion of policy(π) to implicitly contain ϕ so that it
can be viewed as operating on the joint space.

Theorem 1. Let met be the space of bounded pseudometrics on Z × Θ and π a policy that is
continuously improving. Define F : met 7→ met by

F(d, π)(hi, hj) = (1− c)|rπhi
− rπhj

|+ cW (d)(Pπ
hi
, Pπ

hj
)

Then, ∀c ∈ (0, 1), F has a least fixed point d̃ which is a π∗-bisimulation metric.

We next discuss an important assumption we need to make towards obtaining generalization results
for the observation shifts.

Assumption 1 (Block structure). We assume that fθ1(s1) ∩ fθ2(s2) ̸= ∅ =⇒ si = sj ,∀θ1, θ2 so
that the observation map is invertible.
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This means that the observation space Z can be partitioned into disjoint blocks, each containing the
support for a particular value of s ∈ S (Du et al., 2019). This also ensures that inverse observation
map f−1θ : Z → S exists. Relaxing Assumption 1 can break any guarantees obtainable on value
function similarities arising from state similarity. This is because the same observation can get
mapped to entirely different states in the latent MDP each with very different values, making the
environment only partially observable. Note however that this requirement is not too restrictive, it is
possible to consider added noise scenarios (both independent and correlated e.g. see (Zhang et al.,
2020)) which maintain identifiability of the state. Finally, many real-world task observations tend
to satisfy this assumption for high dimensional scenarios: e.g. visual projection of non-degenerate
objects under different viewing angles.

We next discuss the implications of having learnt an representation ϕ which approximately preserves
the π∗-bisimulation metric distances.

Theorem 2 (Aggregation value bound). Given an MDP M̂ constructed by aggregating tuples
h of observation, context in an ϵ-neighborhood of the representation space such that δ ≜
maxs,s′,θi,θj ||ϕ(fθi(s), θi) − ϕ(fθj (s

′), θj)| − dS(s, s
′)|, where dS is a π∗-bisimulation metric

on S. Further let ϕ̂ denote the map from any h to these clusters, the optimal value functions for the
two MDPs follow:

|V ∗(h)− V̂ ∗(ϕ̂(h))| ≤ 2(ϵ+ δ)

(1− γ)(1− c)
∀h ∈ Z ×Θ

Note how the value estimate accuracy from aggregation is fundamentally bottle-necked by the
representation learning error δ, this means that even the finest partitions (which use small ϵ) using ϕ
will give value approximation only as good as the underlying representation.

We now state the Lipschitz continuity assumptions we use for further analysis. The first Assumption 2
concerns the change in observations z as the context θ changes. Several natural domains like visual
projections satisfy this.

Assumption 2. f is Lipschitz with coefficient Lf
θ with respect to (w.r.t.) θ.

Next, we assume that the representation map ϕ and the policy π which conditions on the represen-
tations y are also Lipschitz w.r.t. the inputs. This can be enforced in practice for example for deep
neural networks approximators (Virmaux & Scaman, 2018; Gouk et al., 2021).

Assumption 3. ϕ is Lipschitz w.r.t. z and θ with coefficients Lϕ
z , L

ϕ
θ respectively. Similarly, π

is Lipschitz with coefficient Lπ
y where the distance metric on the policy space is dTV

†, the total
variation metric on space of action distributions P(U).

We now discuss the amount of generalization which we can expect when a policy assuming context
θi is run on observation coming from the context θj . This can happen for example in scenarios when
a shift in observations happens like change in the calibration settings of an autonomous vehicle’s
sensors. We introduce the notation πθi←θj to represent the policy obtained from sampling action w.r.t.
the restriction πθi but using observation inputs from the context θj (ie. π(a|ϕ(fθj (s), θi))).
Theorem 3 (Generalization to unseen context). Under Assumption 2, Assumption 3 we have that for
any two contexts θi, θj:

|Jπθi − Jπθi←θj | ≤ 1

1− γ
Es∼f−1

θ ρ
πθi ,

a∼πθi←θj

[
Aπθi (s, a) +

2γAmax

1− γ
Lf
θL

ϕ
zL

π
ydΘ(θi, θj)

]
where Amax ≜ maxs |Ea∼πθi←θj

[Aπθi (s, a)]| and dΘ is a metric on the context space.

Theorem 3 gives us the upper bound on the deviation of the expected returns when the agent expects
an environment with context θi but is actually deployed in an environment with context θj .

We next discuss the important performance transfer scenarios when the simulator used for training a
policy is not exact. These bounds are useful for situations where it is required to access tolerance of
agent performance w.r.t. situations like sim to real deployment. Our first result addresses the setting
where the simulator dynamics is not exact w.r.t. the real world, introducing errors ϵR, ϵP .

†note that Lπ
y has the effect of squeezing inflations caused by Lf

θ and Lϕ
z as dTV is a bounded metric
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Theorem 4 (Simulator fidelity bound). For an approximately correct simulator (r̂, P̂ ) such that
maxs,a |r̂(s, a)− r(s, a)| ≤ ϵR and maxs,a dTV (P̂ (s, a), P (s, a)) ≤ ϵP we have for any policy π:

|Jπ − Ĵπ| ≤ ϵR
(1− γ)

+
γϵPRmax

(1− γ)2

Next, we consider the case where in addition to the latent transition and reward dynamics, the
simulator emission function f̂ is also approximate. Let ϵf ≜ maxs,θ dY (ϕ(f̂θ(s)), ϕ(fθ(s))). We
are interested in the setting where the policy learns from an approximate simulator (r̂, P̂ , f̂ ) but the
resultant learnt policy is deployed in the actual world (R,P, f). Note that this is a common practical
setting as most simulators, even after knowing the actual underlying state, cannot completely capture
the richness in the observations found in the real world. The below result relates the simulator policy
performance (f̂ ) to the one obtained by running the simulator policy on real observations (f ).

Theorem 5 (Complete simulator fidelity bound). For an approximately correct simulator (r̂, P̂ , f̂ )
such that maxs,a |r̂(s, a) − r(s, a)| ≤ ϵR, maxs,a dTV (P̂ (s, a), P (s, a)) ≤ ϵP and ϵf ≜
maxs,θ dY (ϕ(f̂θ(s)), ϕ(fθ(s))), we have for any policy π:

|Jπf̂←f − Ĵπf̂ | ≤ ϵR
(1− γ)

+
γϵPRmax

(1− γ)2
+

1

1− γ
E

s∼f̂−1ρ
π
f̂ ,

a∼πf̂←f

[
Aπf̂ (s, a) +

2γAmax

1− γ
Lπ
y ϵf

]
.

πf̂←f represents the sampling of actions from πf̂ but using the observations obtained under the (real
world) observation function f . Thus, the above two results (Theorems 4 and 5) are particularly useful
for the realistic scenario where we have imprecise simulation dynamics.

5 Experiments
We perform experiments towards understanding whether our method Robust Conditional Bisimulation
(RCB) helps learn representations which generalize better to observation shifts. Towards this, we use
the DeepMind control suite (DMC, Tassa et al. (2018)) which uses Mujoco (Todorov et al., 2012) as
the base simulator. We create new tasks for various agent morphologies where we learn to control the
agent using image based input. Further, we also modify the simulator to have 3D spheres randomly
bouncing in the environment, which contribute towards noise (we call this Modified-DMC). Note
that this noise setting is harder than the simple-distractor setting in Zhang et al. (2021) as the agent
has to learn to model 3D noise across different visual perspectives (see Fig. 3). We use two baselines
for comparison:

1. DeepMDP (Gelada et al., 2019) which uses reward and forward dynamics predictability for
learning a latent representation space.

2. A reconstruction based agent which uses a reward model and an image reconstruction based
emission model to inform the representation.

We use SAC (Haarnoja et al., 2018) as the base algorithm for optimizing the MERL objective
in Algorithm 1. The architecture for common modules is kept similar across the methods. For
fair comparison, we ensure that all the methods get equal access to the simulator experience and
augment the representation learning objective for baselines with any extra simulator calls. Additional
experimental setup details can be found in Appendix B.

Modified-DMC: For testing the ability to generalize across observation shifts, we use a uniform
distribution over the range PΘ = U(−π/4, π/4) for the camera angle. At the beginning of each
episode, we sample a camera angle context from PΘ, the agents must adapt to changing image
perspectives across training and evaluation. For evaluation, we use a fixed set of camera angles:
{−π/4,−π/8, 0, π/8, π/4} over which we compute the agent performance during the evaluation
phase and report the average across the angles as the performance metric. Fig. 5 gives the evaluation
performance plots for the agents on five different scenarios averaged over five seeds with one standard
error shaded (our method RCB in blue, DeepMDP in green, Reconstruction in red). We see that RCB
performs significantly better than the baseline agents on all the scenarios. RCB consistently achieves
higher performance across the walker tasks (Figures 5(a) to 5(c)). We also note that the performance
for Reconstruction worsens as the task becomes more dynamic, we hypothesize this is due to the
lack of focus on the core features of the observation which influence the reward and dynamics. We
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observe a similar trend on the cheetah domain (Fig. 5(d)) which is slightly easier than walker run.
DeepMDP is often unable to perform satisfactorily in the training budget, we posit that this happens
as it does not use any inter-context information to inform its representation. Thus, while it may learn
close distance embeddings for a fixed context, the embeddings fare poorly across the contexts. RCB
alleviates this problem by leveraging both the ICC and cross-consistency objectives in its formulation.
We also note that generalization for the hopper domain (Fig. 5(e)) while doing pixel based control is
especially hard given the environment stochasticity and the added background noise.

(a) Walker Stand (b) Walker Walk (c) Walker Run

(d) Cheetah Run (e) Hopper Hop

Figure 5: Empirical results on modified-DMC observation generalization tasks for different methods:
RCB (our method), DeepMDP, and Reconstruction.

Out-of-distribution Generalization: To test the ability of the algorithms in dealing with unseen
observation contexts during test time, we train on Modified-DMC where we use a uniform distribution
over the range PΘ = U(−3π/16, 3π/16) for the camera angle and test on the unseen {−π/4, π/4}
angles. Fig. 6(a) gives the performance on the unseen angles for walker walk domain across the
algorithms. Once again we note that RCB is able to better generalize to the unseen context due to
its learning of a more accurate representation space using the inter-context objectives (ICC and CC
terms in Section 3).

(a) Out-of-distribution (PΘ) (b) Ablation 1 (c) Ablation 2

Figure 6: Out-of-distribution generalization and ablations
Ablations: To understand the effects of the different bisimulation loss components, we perform
ablations removing each component. In Fig. 6(b) we remove the base (RCB-Base) and cross
consistency (RCB-Cross) bisimulation terms. We see that removing the cross term has a bigger effect
on performance. We believe this is because the cross-bisimulation term has a stronger anchoring effect
as it also implicitly accounts for both the base and inter-context terms (see Fig. 3). Next, in Fig. 6(c)
we remove the inter-context consistency term (RCB-ICC) and both the inter-context consistency
and cross consistency terms (RCB-Cross-ICC). We notice a slight decrease in performance arising
from dropping the inter context consistency loss. The RCB-Cross-ICC ablation is similar to DBC
(Zhang et al., 2021) as it only contains base bisimulation losses (regular and alternate). We observe a
significant decrease in performance in this latter ablation as we drop all the inter-context bisimulation
terms helpful in generalization across the contexts. Thus it is important to ensure explicit alignment
across the representations for the richly observed MDPs defined by different θ context when desiring
good generalization across observation shifts.
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6 Related Work
State abstraction in MDPs has been researched from various perspectives including notions which
aggregate state based on policy, values, action-values and dynamics (Li et al., 2006). Bisimulation
is the strictest form of abstraction based on MDP dynamics (Larsen & Skou, 1989; Givan et al.,
2003). Bisimulation metrics were introduced to relax the notion of exact bisimulation for practical
applicability (Ferns et al., 2011). Castro (2020) propose method for efficient computation of on
policy variant of bisimulation metrics. DBC (Zhang et al., 2021) use bisimulation metrics to learn
task relevant features which are robust to noise in the environment. They learn to tie together states
distinguishable only by task irrelevant noise using bisimulation for learning a representation. We
use the bisimulation framework to learn a representation which can invert the change in observation
space caused by the varying context, and can be seen as abstracting across the group of isomorphic
MDPs indexed by the context. We also provide the first generalization bounds for this setting with
important practical applications like sim to real transfer. MDP homomorphism (Ravindran, 2004) is
the principled framework of studying structural similarities across MDPs, this naturally extends the
idea of state abstraction and opens the the way to leverage abstract similarities on a much broader
scope. Taylor et al. (2009) propose lax probabilistic bisimulation using MDP homomorphisms.
Mahajan & Tulabandhula (2017) use MDP isomorphism for learning symmetries for sample efficient
reinforcement learning. (Mahajan et al., 2022) provide combinatorial generalization bounds for the
contextual multi agent setting.
Representation learning for RL on high dimensional inputs has been studied using other methods
in addition to bisimulation. Lange et al. (2012) use reconstruction of image inputs using auto-
encoders for learning a latent control state. This was later extended to include modelling of the MDP
dynamics (Watter et al., 2015; Hafner et al., 2019). Gelada et al. (2019) use a latent dynamics model
approach for control and show its relation to bisimulation. Data Augmentation methods like Laskin
et al. (2020b) use various image transformations on agent observations for data efficient learning
of policies for pixel based control. Laskin et al. (2020a) use random crops on image data to be
used under a contrastive based framework for representation learning. Kostrikov et al. (2020) use
random image translations for regularising reinforcement learning from images by using multiple
shifts to robustly estimate value function loss and targets. Oord et al. (2018); Chen et al. (2020)
use self-supervised contrastive approach to learn representations by enforcing similarity constraints
between data points.
Robust RL considers rewards maximization under adversarially varying dynamics for the environment.
Pinto et al. (2017) use a two agent zero-sum game to model adversarial noise towards learning robust
policies. Similarly, Stanton et al. inject noise in the state space and optimise for a minimax problem
for robustness, and Tessler et al. (2019) study the robustness problem under action perturbations.
Rather, we discuss the setting of adapting to potentially unseen deployment scenarios and provide
theoretical guarantees for the policy transfer. (Team et al., 2021) use dynamic curricula for learning
robust agent policies. Zhao et al. (2020) compile the various methods used in sim-to-real settings.
Domain randomization, particularly used in robotic vision tasks including object localization (Tobin
et al., 2017), object detection (Tremblay et al., 2018), pose estimation (Sundermeyer et al., 2018), and
semantic segmentation (Yue et al., 2019), varies the training data from simulator across properties
like textures, lighting, and camera positions. While domain randomization aims to provide enough
simulated variability of the parameters at training time to ensure the model is able to generalize to
potentially unseen settings during test, it is often insufficient for getting good results on control tasks
due to unutilized information of task structure.

7 Conclusions & Future Work
In this we work we explored how bisimulation can be used to learn representation for RL towards
generalization in complex high dimensional environment like visual inputs. We specially focused on
learning policies invariant to observation shifts a problem which has several applications in the real
world. Further, we analysed the theory of learning under the framework of conditional bisimualtion
and proposed novel bounds characterizing state abstraction and generalization in this setting. Of
particular importance were the results relating to performance guarantees across observation shifts
when learning on a simulator. Finally, we evaluated our method on the modified DM-contol domain
and showed its efficacy in comparison to the baseline approach. A current limitation of our theoretical
analysis is that it requires invertability (Assumption 1), we aim to relax this in future work using
notions of approximate invertability. Another limitation is that the algorithms used in experiments
presently take the context vector as input, we aim to replace this with automatic context detection
using unsupervised methods in future.
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A Additional Definitions and Proofs
A.1 Equivalence relations and classes
We first briefly mention some of the concepts from abstract algebra used in motivating state similarity
in MDPs.

Definition 3. A binary relationR on a set S is given byR ⊆ S × S

Definition 4. R is symmetric ifR(a, b) =⇒ R(b, a)

Definition 5. R is reflexive ifR(a, a),∀a ∈ S

Definition 6. R is transitive ifR(a, b) ∧R(b, c) =⇒ R(a, c)

Definition 7. R is equivalence if its reflexive, symmetric and transitive.

Definition 8. P ≜ {Ci} is a partition of a set S if S = ∪iCi and Ci ∩ Cj is empty if i ̸= j.

Definition 9. IfR is an equivalence relation on S , then S can be partitioned into equivalence classes
with P(R,S) ≜ {Ci}, where Ci ⊆ S,∀a, b ∈ Ci =⇒ R(a, b) and Ci ∩ Cj is empty if i ̸= j.

Definition 10. For partitions P1 and P2, P1 is a filtrate of P2 if ∀Ci ∈ P2,∃Dj ∈ P1 s.t. Ci = ∪jDj

Definition 11. Pc is the coarsest partition induced by R if ∀ valid partitions P under R, P is a
filtrate of Pc

A.2 Proofs
We first revisit the concept of MDP homomorphisms (Ravindran, 2004) which we will use for
establishing important results concerning the conditional bisimulation framework.

Definition 12 (MDP homomorphism (Ravindran, 2004)). Let Ψ ⊂ S × U is the set of ad-
missible state-action pairs. MDP homomorphism H from M = ⟨S,U,Ψ, P, r, γ, ρ⟩ to M ′ =
⟨S′, U ′,Ψ′, P ′, r′, γ, ρ′⟩ is defined as a surjection H : Ψ → Ψ′, which is itself defined by a tuple
of surjections ⟨f, {gs, s ∈ S}⟩. In particular, H((s, a)) := (f(s), gs(a)), with f : S → S′ and
gs : As → A′f(s), which satisfies two requirements: Firstly it preserves the reward function:

r′(f(s), gs(a)) = r(s, a)

and secondly it commutes with transition dynamics of M :

P ′(f(s), gs(a), f(s
′)) = P (s, a, [s′]BH|S )

Here we use the notation [·]BH|S to denote the projection of equivalence classes B that partition Ψ

under the relation H((s, a)) = (s′, a′) on to S. Isomorphisms χ : Ψ → Ψ′ can then be formally
defined as homomorphisms between M,M ′ that completely preserve the system dynamics with the
underlying functions f, gs being bijective.

Theorem 1. Let met be the space of bounded pseudometrics on Z × Θ and π a policy that is
continuously improving. Define F : met 7→ met by

F(d, π)(hi, hj) = (1− c)|rπhi
− rπhj

|+ cW (d)(Pπ
hi
, Pπ

hj
)

Then, ∀c ∈ (0, 1), F has a least fixed point d̃ which is a π∗-bisimulation metric.

Proof. First, consider the super-MDP over the unified state space H ≜ Z × Θ, Msuper ≜
⟨H,U, PH , rH , γ, ρH⟩, where the H subscripted distributions implicitly account for f, PΘ, ρ.
Similarly, let Mθ be the MDP obtained by restricting the context to a particular value θ and
Mbase ≜ ⟨S,U, P, r, γ, ρ⟩. We have that under Assumption 1 Mθ and Mbase are isomorphic
and all ofMsuper,Mθ andMbase are homomorphic (Ravindran, 2004; Mahajan & Tulabandhula,
2017). Thus we can map the policy dynamics in the super-MDP exactly to the base MDP with
states S. We now directly apply metric convergence result of Theorem 1 in (Zhang et al., 2021) on
the representation space Y , thus showing that the π bisimulation metric converges after repeated
applications of the operator F .
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Theorem 2 (Aggregation value bound). Given an MDP M̂ constructed by aggregating tuples
h of observation, context in an ϵ-neighborhood of the representation space such that δ ≜
maxs,s′,θi,θj ||ϕ(fθi(s), θi) − ϕ(fθj (s

′), θj)| − dS(s, s
′)|, where dS is a π∗-bisimulation metric

on S. Further let ϕ̂ denote the map from any h to these clusters, the optimal value functions for the
two MDPs follow:

|V ∗(h)− V̂ ∗(ϕ̂(h))| ≤ 2(ϵ+ δ)

(1− γ)(1− c)
∀h ∈ Z ×Θ

Proof. We use a proof strategy similar to (Zhang et al., 2021). We have that every θ restriction of
Msuper is isomorphic toMbase from the above proof. By direct application of Theorem 5.2 in
(Ferns et al., 2004) on the MDPMsuper for any h ∈ Z ×Θ:

(1− c)|V ∗(h)− V̂ ∗(ϕ̂(h))| ≤ g(s, d̃) +
γ

1− γ
max
s′∈S

g(s′, d̃)

where g is the average distance between a state and all other states in its equivalence class under the
bisimulation metric d̃. Substituting g with the ϵ-neighborhood ball, and accounting for δ, the error of
the representation w.r.t. the metric for each cluster gives us:

(1− c)|V ∗(h)− V̂ ∗(ϕ̂(h))| ≤ 2(ϵ+ δ) +
γ

1− γ
2(ϵ+ δ)

|V ∗(h)− V̂ ∗(ϕ̂(h))| ≤ 1

1− c

(
2(ϵ+ δ) +

γ

1− γ
2(ϵ+ δ)

)
=

2(ϵ+ δ)

(1− γ)(1− c)
.

Lemma 1. Let f : X → Y , g : Y → Z be two functions with Lipschitz constants L1 and L2

respectively, then g(f(·)) is Lipschitz with L1 · L2

Proof. Computing deviations for the various functions and using the definition of Lipschitzness, we
have that:

df ≤ L1dx

dg ≤ L2dy = L2df

=⇒ dg ≤ L2L1dx

Thus g(f(·)) is Lipschitz with L1 · L2 w.r.t. X .

Theorem 3 (Generalization to unseen context). Under Assumption 2, Assumption 3 we have that for
any two contexts θi, θj:

|Jπθi − Jπθi←θj | ≤ 1

1− γ
Es∼f−1

θ ρ
πθi ,

a∼πθi←θj

[
Aπθi (s, a) +

2γAmax

1− γ
Lf
θL

ϕ
zL

π
ydΘ(θi, θj)

]
where Amax ≜ maxs |Ea∼πθi←θj

[Aπθi (s, a)]| and dΘ is a metric on the context space.

Proof. Under Assumption 2, Assumption 3, we have that dTV (πθi(s), πθj (s)) ≤ Lf
θL

ϕ
oL

π
ydΘ(θi, θj)

for all underlying states s ∈ S, θi, θj ∈ Θ, by repeated application of Lemma 1. We next apply
Corollary 1 from (Achiam et al., 2017) that uses the bound for performance difference as a function
of policy TV distance giving us the result.

Theorem 4 (Simulator fidelity bound). For an approximately correct simulator (r̂, P̂ ) such that
maxs,a |r̂(s, a)− r(s, a)| ≤ ϵR and maxs,a dTV (P̂ (s, a), P (s, a)) ≤ ϵP we have for any policy π:

|Jπ − Ĵπ| ≤ ϵR
(1− γ)

+
γϵPRmax

(1− γ)2
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Proof. We proceed similar to (Jiang, 2018) for proving the policy value bound. Let us consider the
base MDPMbase as defined above. For any projected policy π here, the value function satisfies
∀s ∈ S:

|V̂ π(s)− V π(s)|
≤ |(r̂(s, π) + γ⟨P̂ (s, π), V̂ π⟩)− (r(s, π) + γ⟨P (s, π), V π⟩)|
≤ ϵR + γ|⟨P̂ (s, π), V̂ π⟩ − ⟨P (s, π), V π⟩|
≤ ϵR + γ|⟨P̂ (s, π), V̂ π⟩ − ⟨P (s, π), V̂ π⟩+ ⟨P (s, π), V̂ π⟩ − ⟨P (s, π), V π⟩|
≤ ϵR + γ[|⟨P̂ (s, π)− P (s, π), V̂ π⟩|+ |V̂ π − V π|∞]

≤ ϵR + γ[|⟨P̂ (s, π)− P (s, π), V̂ π − Rmax

2(1− γ)
1⟩|+ |V̂ π − V π|∞]

≤ ϵR + γ[|P̂ (s, π)− P (s, π)|1|V̂ π − Rmax

2(1− γ)
1|∞ + |V̂ π − V π|∞]

≤ ϵR + γ[
ϵPRmax

(1− γ)
+ |V̂ π − V π|∞]

Here we have viewed the probability transitions and values as vectors. The use of baseline Rmax

2(1−γ)
helps tighten the bound by centering the values. We use the definition of TV in last step. As the
bound for all s ∈ S we get after rearranging:

|V π − V̂ π|∞ ≤
ϵR

1− γ
+

γϵPRmax

(1− γ)2

Finally, as Jπ is a convex combination of V π w.r.t. ρ, we can use the above bound to prove the
result.

Theorem 5 (Complete simulator fidelity bound). For an approximately correct simulator (r̂, P̂ , f̂ )
such that maxs,a |r̂(s, a) − r(s, a)| ≤ ϵR, maxs,a dTV (P̂ (s, a), P (s, a)) ≤ ϵP and ϵf ≜
maxs,θ dY (ϕ(f̂θ(s)), ϕ(fθ(s))), we have for any policy π:

|Jπf̂←f − Ĵπf̂ | ≤ ϵR
(1− γ)

+
γϵPRmax

(1− γ)2
+

1

1− γ
E

s∼f̂−1ρ
π
f̂ ,

a∼πf̂←f

[
Aπf̂ (s, a) +

2γAmax

1− γ
Lπ
y ϵf

]
Proof. We consider an intermediate simulator (r̂, P̂ , f) which has the same reward and transition as
the original simulator (R̂, P̂ ) but uses an exact observation function f (we use˜to represent quantities
associated with this simulator). We can now decompose the difference bound as:

|Jπf̂←f − Ĵπf̂ | ≤ |Jπf̂←f − J̃πf̂←f |+ |J̃πf̂←f − Ĵπf̂ |

Next we have that the dTV (πf̂←f , πf̂ ) ≤ Lπ
y ϵf . Reasoning similarly to Theorem 3 for the right term

of RHS which gives an upper bound using the TV difference. Finally also applying Theorem 4 on the
left term of RHS we get the theorem’s result.

B Additional experimental details
B.1 Architecture details
We use separate deep networks for actor, critic, transition and reward models. The encoder network
for each used 32 filters and a 50 feature dimensions. The actor and critic models each used an MLP
trunk of 4 layers and 1024 hidden dimensions on top of the encoder. The reward model used MLP
trunk of 2 MLP layers and 512 hidden dimensions on top of the encoder. The transition model type
used was a mixture of Gaussians of ensemble size 5. Each component in the transition ensemble uses
a 2 MLP layers of 768 hidden dimensions on top of the encoder with the final layer bifurcating for a
value for mean and standard deviation per feature dimension. Layer normalization was used for the
reward and transition models. Target networks were used for value estimates and were updated every
4 epochs. Relu non-linearity was used for the networks. We exponentially anneal the representation
loss with weight (1.8− 0.8 ∗ 2

steps
total steps ). We use identical architectures for the overlapping components
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of the baselines (Reconstruction and DeepMDP). The reconstruction agent uses an image decoder
with an MLP followed by 2 deconvolution layers with the intermediate layer using 32 filters. Adam
optimizer was used for training the parameters of the networks used. Grid search was used for tuning
the hyperparameters. Our code is based on implementation by (Zhang et al., 2021) for their work.
Each seed takes around 4 days to run on an Nvidia V100 GPU.

B.2 Hyper-parameters used: Conditional bisimulation

Table 1: Hyper-parameters used: Conditional bisimulation

PARAMETER VALUE

λbase 0.24
λicc 0.32
λcc 0.24
Initial steps 1000
Batch size 512
Action repeat 2
Encoder learning rate 10−3

Encoder τ 5 · 10−3
Decoder learning rate 10−3

Frames 1000
Actor learning rate 10−3

Critic learning rate 10−3

Critic τ 10−2

α learning rate 10−4

γ 0.99
Total Steps 3.5 · 105
Temperature 0.1
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